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LAMINAR J33UNDARY LAYER ON BLUNT BODIES, ALIDWING FOR 
VOFtTICITY OF THE EXTERNAL STRJUM 

I .N .Murzinov 

ABSTRACT. A method i s  described f o r  calculating the  hyper- 
sonic laminar boundary layer on blunt-nose cones, allowing 
f o r  external vor t ic i ty  caused by the  curved bow wave, f o r  a 
velocity range of 3 - 8 km/sec and cone angles of 0 - 20'. 
The effect  of the  density r a t i o  y on the vo r t i ca l  interact ion 
during f l o w  past  truncated cones i s  calculated f o r  low r a t e  
of flow of a viscous gas at  highMach numbers, indicating a 
strong increase i n  vor t ic i ty  of the  external flow with de- 
creasing y, while the mean vor t ic i ty  over the  thickness of 
the  boundary layer remains constant. Diagrams are  given t o  
i l l u s t r a t e  the e f fec t  of vort ic i ty  on f r i c t i o n  and heat ex- 
change under conditions of equilibrium dissociation of the  
air. 

T h i s  paper gives the method and resu l t s  of numerical calculations of the 
hypersonic laminar boundary layer  on blunt-nose cones, allowing f o r  the external 
vo r t i c i ty  caused by the  curved bow wave. 
sumed t o  be i n  the equilibrium dissociated s ta te ,  but t he  Prandtl number i s  
taken as constant: cr = 0.72. 
3 - 8 km/sec and cone semivertex angles of 0, = 0 - 20' In allowing f o r  the 
vo r t i ca l  interact ion of the  boundary layer with the  external stream, t h e  dis- 
t r i bu t ion  of the heat f l u  and f r i c t ion  wi l l  d end on the Reynolds number of 
t he  r e l a t ive  f l a w  (other conditions being equal SI . I n  the  calculations, the 
Reynolds number R,, computed from the parameters of the  re la t ive  f l o w  and the 
spherical  nose radius was varied from 2.5 X lo3  t o  5 X le 
these numbers, the thickness of the boundary layer a t  the blunt nose becomes 
comparable t o  the detachment of the shock wave from the  body, and f o r  %, < 
< 2.5 x lo3 the  computational scheme apparently W i l l  have t o  be modified. A t  
R, > 5 x lo4, fo r  moderately long cones, the vor t ica l  interact ion i s  not sub- 
s t a n t i a l .  
s imil i tude c r i t e r i a  of the hypersonic flow of a stream of Viscous gas past  t h i n  
blunt-nosed cones (Ref .1, 2) . 

The air  i n  the boundary layer i s  as- 

The calculations cover the velocity range of 

For the smaller of 

The results of the calculations were worked up i n  accordance with the 

1. Formulation of the  Problem 

With the  usual a s s q t i o n s ,  the equations of momentum, continuity, and 
energy f o r  a laminar boundary layer under the conditions of equilibrium dissoci- 
ated air may be wri t ten i n  the fonn (Ref.3): 

3:- Numbers i n  the margin indicate pagination i n  the foreign t ex t .  
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Here no, yr, are the  distances along t h e  generatrix of t he  body and along 
t h e  normal t o  it; uV,, vV, the  velocity components along the  x- and y-axes; 
pp,, pp,, pp,Vz, i V z  respectively t h e  density, viscosity, pressure and enthalpy 
of t h e  gas; rro the distance from the  ax is  of symnetry t o  t h e  generatrix of t h e  
body; cs t h e  Prandtl  number; pm, V,, p a t h e  density, velocity and Viscosity of 
t h e  gas i n  the  re la t ive  flow; ro the  charac te r i s t ic  dimension of t h e  body (nose 
radius).  C proportionali ty f ac to r  depending on t h e  product of density and vis-  
cosi ty  (Ref  .4) : 

Here, y and M, are the  density-ratio and the  Mach number i n  the  re la t ive  
flow; i n  the  calculations, we have taken n = 0.315. 

The equation of state of t h e  equilibrium dissociated a i r  has been repre- 
sented i n  t h e  form (Ref.4) 

where fi , fi are the  tabulated functions of a small volume. 

We noted above t h a t  t he  Prandtl  number was  taken as constant i n  our calcula- 
t ions.  
Prandt l  number f o r  t h e  equilibrium dissociated a i r  varying with enthalpy, has 
p rac t i ca l ly  no effect  on the  d is t r ibu t ion  of heat fluxes nor on the  e f fec t  of 
v o r t i c a l  interact ion,  but does substant ia l ly  simplify the  calculations.  

This assumption, as shown by separate calculations with an effect ive 

The system (1.1) was numerically solved under the  following boundary condi- 
t i o n s  at  t h e  w a l l :  

The usual asymptotic boundary conditions La 
u-+ue(z) ,  i + i e ( z ) = i T  a t  q 4 b o  (1.5) 

where u,, i, are the  velocity and enthalpy of t he  gas on t h e  body i n  inviscid 
flow p a s t  it, w e r e  used f o r  t he  boundary layer a t  high Reynolds numbers. 

A t  low Reynolds numbers R,, when the  gas rate of flow across the  boundary 

2 



layer  becomes high, t he  t rue  values of the  quantit ies on the outer boundary of 
the boundary layer, developed i n  the vort ical  flow, may d i f f e r  by a fac tor  of 
several  units from the values of eqs.(l.5). 
rec t ly  estimating t h e  boundary conditions i n  vor t ica l  flows. The main d i f f i -  

/ 

T h i s  brings up the question of COF 

culty here l i e s  i n  the  f a c t  tha t  the boundary 
layer equations f o r  a vor t ica l  external flow, at  
great distances from the body, do not change over 
i n to  the equations of an idea l  gas since the  
viscous terms i n  it do not as  a ru le  tend t o  
zero. For smooth f i t t i n g  of the solution, the 
Viscosity must a l so  be taken in to  account i n  the 
external flow, i.e., t h e  en t i re  f i e l d  of flow 
must be considered as  viscous. However, f o r  the  
problem under consideration, as shown by calcula- 
t ions,  the stream filaments are  absorbed by the  
boundary layer  before the  effect  of Viscosity and 
heat conduction on these filaments can become 
substantial. In  this case, the parameters on the  

5; 
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Fig . 1 

outer edge of the  boundary layer can be calculated from the condition of iso- 
entropici ty  of the flow along the  stream filament entering the boundary layer. 

For a perfect gas with a density r a t i o  y ,  the  condition of isoentropicity 
along the  streamlines and constant pressure i n  the  neighborhood of the body w i l l  
yie ld  

i / i ,  = f (9) (ir - iJ(P)) (1.6) 

where 2nr;p,,Vm$ is  the  gas rate of f l o w ,  while the form of the function f i s  de- 
termined by the  value of the parameters at the  bow wave. 

I n  the  case of an equilibrium dissociated gas, the  function f w i l l  a l so  de- 
pend on the pressure. 
i n  t he  calculations. The re la t ion  between i/i, and the gas rate of flow was de- 
termined a t  typ ica l  pressures f o r  the l a t e r a l  surface of the cones (p - sin’ 9, ) 
and i s  plot ted by F5g.l. 

T h i s  dependence, however, i s  rather  weak and was neglected 

The numerals on the  curves correspond t o  the following conditions: 

1- jlfm 23, y = 1.4; 2 -Y, = 3 k d s e c ;  3 - v, = 5 krnlsec; 4 - v, = 7.5 kmlsec . 
For the  condition of equilibrium dissociation, the calculations were made 

f o r  a f l i g h t  a l t i t ude  of H = 60 km; the a l t i t ude  has only a negligible e f fec t  
on t h e  calculation results. 

Estimates confirmed by calculations showed tha t ,  on blunt cones, the thick- 
ness of the  boundary layer i n  Dorodnitsyn variables, allowing f o r  the vor t ic i ty  
of t h e  external  flow, i s  close t o  the thickness of the  conventional asymptotic 
boundary layer. We therefore took the values of n&x),  which a re  ra ther  accu- 
r a t e l y  determined f o r  the ordinary boundary layer, a s  the  thickness of the 
boundary layer i n  estimating the vort ical  interaction. 
boundary layer thickness increased by a fac tor  of 1.5 yielded no appreciable 
change i n  f r i c t i o n  and heat t ransfer  along the  w a l l .  

Calculations with a 

The smoothness of f i t t i n g  
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of t h e  external flow with the  boundary layer solut ion (with an accuracy t o  within 
the separation of derivatives, depending on R, which i n  pr inciple  is  not elimi- 
nated when using t h e  adopted scheme) can serve as a c r i t e r ion  f o r  t he  proper 
choice of t he  boundary layer thickness. 
t h e  boundary layer, t he  separation of the normal der ivat ive functions a t  the  
s i te  of t h e  junction did not exceed 1 - 3% of t h e i r  value. 

With t h e  above choice of t he  edge of 

Thus, i n  the  case of vo r t i ca l  interaction, we adopted the  following condi- 
t i ons  on the  outer edge of t h e  boundary layer: 

Here, 21-r1?p,,,V,$~ i s  t h e  gas rate of f l o w  across the  boundary layer, w h i l e  
i o o V z  i s  the  stagnation enthalpy. 

2. Results of the  Calculations 

The pressure d is t r ibu t ion  over the surface, used i n  these calculations, f o r  
t h e  conditions of equilibrium dissociation of t he  air, was  based on the  calcu- 
l a t ions  given elsewhere (Ref.5). The results of calculations f o r  the  spherical  
p a r t  of blunt cones showed tha t ,  at 3 km/sec S V, S 8 km/sec and 0.01 S i, 5 
9 0.1, t h e  d is t r ibu t ion  of heat fluxes i s  well described by the  r e l a t ion  
(Ref 04) : 

426 

9/q (0) - 0.55 + 0.45 cam 28 

where 9 i s  the cent ra l  angle. 

I 

I 
I 

Fig. 2 Fig .3 

For the  t o t a l  coefficient of f r i c t i o n  on t h e  hemisphere, t he  following 
approximate formula was obtained: 

Here, k = p,/pl i s  the r a t i o  of densi t ies  on the  bow wave. 
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The conditions of similitude of f low past  t h i n  blunt cones by a hypersonic 
stream of viscous gas have been formulated elsewhere ( R e f  .l, 2). 
t ions can be obtained d i rec t ly  from the system (1.1) by using the l a w  of simili- 
tude of pressure d is t r ibu t ion  on truncated cones, formulated by Chernyy (Ref .6) 
and neglecting the de t a i l s  of heat exchange on the blunt nose. The similitude 
laws of heat flux dis t r ibut ion over the lateral surface are approximate, since 
the  dependence of the velocity and enthalpy on the pressure on the  l a t e r a l  
surface of the  cones was neglected i n  establishing these laws. Under the condi- 
t ions of dissociation, when the effective density r a t i o  i s  close t o  unity, this 
dependence becomes substantial;  it can be approximately estimated by the  follow- 
ing  method: 
angle of e , ,  at hypersonic velocit ies,  i s  p - sin2 e,, w h i l e  the velocity under 
conditions of equilibrium dissociation of the  air is  

These condi- 

The pressure on t h e  l a t e r a l  surface of a cone with a semivertex 

Since the  heat flux i s  cpu* and t h e  f r i c t i o n  i s  mu*, i n  accordance with 
other authors (Ref .l, Z ) ,  under the conditions of equilibrium dissociation of 
t h e  air, the combinations 

should be close t o  unique functions of the variable 

4 - I, sin' G. 

Here, c, i s  the coefficient of drag of the nose; q,(O) the  heat flux a t  t he  

The 
c r i t i c a l  point of a sphere with a radius equal t o  the  nose radius; T the  f r i c -  
t ion ;  xlro the distance from the c r i t i c a l  point along the axis of t h e  cone. 
accuracy with which the law of similitude i s  sa t i s f ied  can be judged from 
Figs.2 and 3 where the  values of yl and y2 are  plot ted against 5. f o r  various 
conditions of motion of the body; the  numerals indicate  the points corresponding 
t o  t h e  following f l i g h t  conditions: 

-c 

J 4 -  ~ 1 

e; = 5 10 20 10 io 

0.i I 

v m =  7500 7500 -7500 tedb ~ e # r  +ec 

io = 0.05 0.05 0.05 0.01 0.1 0.05 0.05 . 

Several studies as t o  the influence of the vor t ic i ty  of the  external flow 
on f r i c t i o n  and heat exchange have recently been published. 
invest igat ion of second-order e f fec ts  which, besides vort ic i ty ,  include trans- 
verse and longitudinal curvature of the body, s idesl ip ,  temperature jump at  
t h e  w a l l ,  etc., i s  tha t  made by van Dyke (Ref.7) who made use of small-parameter 
expansions. 
many times as great a s  t h e  others and increases most on approach of the density 
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It can be concluded from his resu l t s  t ha t  the vor t ic i ty  effect  i s  
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r a t i o  t o  Unity, which quali tatively takes place under conditions of equilibrium 
dissociation of the air. 

It should be noted t h a t  his results (Ref .7) on the e f fec t  of vo r t i c i ty  i n  
the  neighborhood of the c r i t i c a l  point of an axisynunetric body are not i n  agree- 
ment with eqeriments (Ref.8). 
s u l t s  obtained by small-parameter expansion i n  ser ies  f o r  the mostly nonlinear 
system of equations derived from Navier-Stokes equations, although formally 
such an expansion i s  en t i re ly  legitimate. 
problems, the vor t ic i ty  of the external f l o w  w i l l  give r i s e  t o  a 1lfirstll-order 
e f fec t  . 

T h i s  necessitates caution with respect t o  re- 

We a l so  note tha t ,  i n  a number of 

kt us now discuss the character of the  e f fec t  of the density r a t i o  y on 
the  vo r t i ca l  interact ion during flow past truncated cones. 
small values of the  r a t e  of f l o w  Q and large Mach numbers M,, we obtain 

A t  constant y ,  f o r  

where Rlr, i s  the radius of curvature of the  shock wave on the axLs of symmetry3‘. 
Hence, using the BernouiUi integral ,  the velocity gradient on the body along 
t he  norrnal t o  i t s  surface is  readily found: 

It i s  c lear  from this formula that ,  with decreasing y ,  the external vortici-  
t y  increases strongly. 
thickness of the boundary layer ( r a t i o  of the velocity at  the outer edge of the 
boundary layer  t o  i t s  thickness) remains prac t ica l ly  constant. 

A t  the  same time, however, t h e  mean vor t ic i ty  over the 

* For flow of equilibrium dissociated air past  a sphere, based on other data  
(Ref.5), R1 = 1.02 + 1.8 k can be obtained i n  the range of 0.05 5 k,< 0.2. 
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For this reason, as soon as the gas dissociates  thus decreasing the  effec- 
t i v e  density-ratio, the e f fec t  of vor t ic i ty  on the  boundary-layer characteris-  
t i c s  w i l l  increase. 

To i l l u s t r a t e  this effect ,  Fig& gives the  e f fec t  of vo r t i c i ty  on f r i c t i o n  
and heat exchange (showing the ra t io  of heat fluxes and f r i c t i o n  w i t h  and with- 
out allowance f o r  vor t ic i ty)  i n  f l o w  past  a spherical ly  blunted cone with a 
semivertex angle of 0, = loo,  R, = lo4, i, = 0.05 (curves 1 - V, = 7500 m/sec; 
2 - V, = 5000 m/sec; 3 - V, = 3000 m/sec; 4 - M, = 23, y = 1.4). For compari- 
son, we a l so  give the results of a calculation f o r  t h e  case of an i d e a l  gas with 
a density r a t i o  y = 1.4; F i g . b  corresponds t o  the  spherical  port ion and Fig.4b 
t o  t h e  l a t e r a l  surface of t h e  cone. It is  obvious t h a t  t he  influence of vort ic i -  
t y  on t h e  f r i c t i o n  and heat exchange, under conditions of dissociated air, i s  
several  t i m e s  as great  as i n  an i d e a l  gas a t  the  same y = 1.4. 

It i s  a l so  c l ea r  t h a t ,  with decreasing velocity, t h e  e f fec t  of vo r t i c i ty  
declines. T h i s  behavior i s  explained mainly by the  difference i n  the degree of 
dissociat ion of the  air, which increases with the  velocity. However, since the  
e f fec t ive  density r a t i o  decreases with increasing degree of dissociat ion of t he  
air, this slope of the  curve is  i n  agreement with t h e  above-noted e f f ec t  of 
dissociation. 

a b 

Fig.Sa, b 

With decreasing Reynolds number, the gas rate of f l o w  across the boundary 
T h i s  means tha t  the t r u e  values of t he  gas parameters on the  layer increases.  

outer  edge of t he  boundary layer  d i f f e r  increasingly from those ordinar i ly  used 
i n  the theory of t he  asymptotic boundary layer.  
therefore  increase with decreasing Reynolds number. 
connected with the  increased r a t i o  of t he  external  vo r t i c i ty  which does not de- 
pend on R,, t o  the  mean vor t i c i ty  i n  the  boundary layer  which decreases with de- 
creasing Reynolds number. 

The vor t ic i ty  e f f ec t  w i l l  
T h i s  e f f ec t  can a l so  be 

The e f f ec t  of the Reynolds nunber on the vo r t i ca l  in te rac t ion  i s  shown 
quant i ta t ive ly  i n  Fig.5 (0, = loo,  V, = 7500 m/sec, i, = 0.05; curves 1 - R, = 
= 2.5 x lo3; 2 - R, = lo"; 3 - R,= 5 x lo"). 



Figure 6 shows the e f fec t  of the semivertex angle of the cone on the 
vor t ica l  interact ion of the boundary layer with the  external flow (Vm = 
= 7500 m/sec, R, = lo4, i, = 0.05). 

Figure 7 gives the calculated prof i le  of enthalpy of the gas plot ted 
against $ f o r  three cases: inviscid flow (I), asymptotic boundary layer (Z), and 
allowing f o r  external vor t ic i ty  (3)  under the  conditions of equilibrium dis- 
sociation of the air. 
t o t i c  boundary layer d i f f e r s  from t h e  prof i le  allowing f o r  external vort ic i ty ,  
despite t he  f ac t  t ha t  the  enthalpy gradients on the w a l l  a r e  close together. 
The en t i re ly  different  character of the dependence of the enthalpy might be of 
substant ia l  importance i n  calculations of nonequilibrium flows, where the reac- 
t i o n  veloci t ies  strongly depend on the  gas temperature. 

It will be clear  t ha t  the  enthalpy prof i le  i n  the asymp- 

The above data demonstrate how t o  calculate, with allowance f o r  vor t ic i ty  
of the  external stream, the enthalpy prof i le  i n  the boundary layer  of smooth 
joining with the nonviscous f low.  

Fig .6 Eg.7 

The results of the  calculations on L e  influence of vor t ic i ty  i n  the ne-$+ 
borhood of the  c r i t i c a l  point a re  i n  good agreement with approximate analysis 
(Ref .9) and experiments (Ref .8). 

I n  conclusion, l e t  us consider the character of the e f fec t  of vor t ic i ty  /I29 
on the f r i c t i o n  and heat exchange along the generatrix of the body. It w i l l  be 
c l ea r  f romthe  diagrams tha t  the  effect  of vor t ic i ty  i s  maximum a t  the  c r i t i c a l  
point,  fa l ls  prac t ica l ly  t o  zero a t  the s i te  of t rans i t ion  of the sphere in to  a 
cone, and then increases along the generatrix of the cone. T h i s  character of 
t he  influence of vor t ic i ty  corresponds t o  the  r a t i o  of i t s  value on the outer 
edge of the boundary layer  t o  the mean vor t ic i ty  over the  thickness of the 
boundary layer. 
[high Reynolds numbers R,when eq.(2.4) i s  valid], then it follows from eq.(2.5) 
t h a t  t h e  r a t i o  of the  external vort ic i ty  t o  the mean vor t ic i ty  over the thickness 
of t he  boundary layer  ( the  l a t t e r ,  i n  the neighborhood of the c r i t i c a l  point,  i s  
proportional t o  x) will decrease along the nose. 
cone, on the other hand, this r a t i o  Will increase. 

I n  fac t ,  i f  w e  r e s t r i c t  ourselves t o  small ra tes  of flow 4 

On t h e  l a t e r a l  surface of t h e  
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A t  high values of x (depending on Rm), t h e  gas passing through t h e  curved 
por t ion  of t h e  shock wave wi l l  be completely absorbed by t h e  boundary layer, t h e  
v o r t i c i t y  of t h e  flow on t h e  outer  edge of t h e  boundary layer  w i l l  tend t o  zero, 
and t h e  entropy of t h e  gas w i l l  correspond t o  t h e  conical shock wave. 
means tha t ,  a t  high x, t h e  r a t i o s  of the heat fluxes and f r i c t i o n  calculated 
with and without allowance f o r  t h e  vo r t i c i ty  e f f ec t  w i l l  approach constant values 
depending on t h e  entropy of t h e  gas beyond t h e  s t r a igh t  and conical  shock waves. 
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